Incompleteness and undecidability theorems have to be revised in view of quantum information and computation theory.
two states which correspond to the symbols 0 and 1. The qbit states are the coherent superposition of the classical basis states {| 0 , | 1 }. They are in the undenumerable set {|a, b | |a, b = a|0 + b|1 , |a| 2 + |b| 2 = 1, a, b ∈ C} .
Due to the possibility of a coherent superposition of classical bit states, the usual reductio ad absurdum argument breaks down. Instead, diagonalization procedures in quantum information theory yield qbit solutions which are fixed points of the associated unitary operators.
The emergence of fixed points can be demonstrated by a simple example. Diagonalization effectively transforms the classical bit value "0" into value "1" and "1" into "0." For the halting problem, identify "1" with the halting state and "0" with the non-halting state. The evolution representing diagonaliation, and effectively, agent A's task, can be expressed by the unitary operator D as follows D|0 → |1 , and D|1 → |0 . In the state basis
D will be called diagonalization operator, despite the fact that the only nonvanishing components are off-diagonal. It can be realized by elementary quantum devices such as the beam splitters and Mach-Zehnder interferometers [18] depicted in Figure 1 with
).
As has been pointed out earlier, quantum information theory allows a coherent superposition | a, b = a | 0 + b | 1 of the classical bit states. Therefore, D has a fixed point at
which is a coherent superposition of the classical bit base and does not give rise to inconsistencies [19] . Classical undecidability is recovered if one performs any irreversible measurement on the fixed point state. This causes a state reduction into the ) and S 2 ( ) and four phase shifters P 1 , P 2 , P 3 , P 4 . classical states | 0 and | 1 . The probability for the fixed point state |
to be in either |0 or |1 is equal; i.e.,
However, no contradiction is involved in the diagonalization argument. Therefore, standard proofs of the recursive unsolvability of the halting problem do not apply to quantum recursion theory.
Another, less abstract, application for quantum information theory is the handling of inconsistent information in databases. Thereby, two contradicting cbits of information |a and |b are resolved by the qbit |
(|a + |b ). Throughout the rest of the computation the coherence is maintained. After the processing, the result is obtained by an irreversible measurement. The processing of qbits requires an exponential space overhead on classical computers in cbit base [20] . Thus, in order to remain tractable, the corresponding qbits should be implemented on truly quantum universal computers.
